Adaptive optics systems typically include an optical relay that simultaneously images the science field to be corrected and also a set of pupil planes conjugate to the deformable mirror of the system. Often, in the optical spaces where DM's are placed, the pupils are aberrated, leading to a displacement and/or distortion of the pupil that varies according to field position-producing a type of anisoplanatism, i.e., a degradation of the AO correction with field angle. The pupil aberration phenomenon is described and expressed in terms of Seidel aberrations. An expression for anisoplanatism as a function of pupil distortion is derived, an example of an off-axis parabola is given, and a convenient method for controlling pupil-aberration-generated anisoplanatism is proposed.
INTRODUCTION
Single-conjugate astronomical adaptive optics (AO) systems typically include an optical relay between the telescope and the DM, and another relay between the DM and other pupils such as that in a wavefront sensor (WFS). Each relay performs dual functions. Primarily, the relays image the science field and guide stars (GS's) from the telescope focus to other image positions. Secondarily, the relays also form sets of planes conjugate to the DM of the system; the telescope pupil is often one of the planes conjugate to the DM.
As an example, following the cassegrain focus, the first element in the AO relay is commonly an OAP, which collimates the light from the science field and also produces a pupil at which the DM is located. In general the pupil will be aberrated since the OAP is oriented so that the parabola's focus is located at the center of the science field (in order to yield good imagery of the science field on-axis); see figure 1. A close view of the pupil reveals that the pupil is aberrated. In fact, in this case, each point in the pupil is aberrated into a comatic pattern (figure 2), which is not surprising given that the pupil is located off the optical axis.
Often, this pupil aberration is not a problem, but to the extent that the pupil aberrations exist, the system will suffer from a kind of anisoplanaticism. This is because the chief rays from the various field angles will not all pass through the center of the pupil (paraxially, the chief rays all pass through the center of the pupil, by definition, but for real rays, this is not generally true). In other words, the pupil (i.e., the DM and the correction it applies to the wavefront) is shifted with respect to the telescope pupil by an amount depending on the field angle-this is similar to anisoplanaticism caused by atmospheric aberrations at an altitude not conjugate to the DM (figure 3). The difference between the pupilaberration-derived anisoplanaticism and an altitude-derived anisoplanatism is in the form of the pupil error: with altitude-generated anisoplanaticism, the error is linear with field angle whereas that the pupil aberration-generated one is much more complex-it is a comatic pattern. The majority of the effect is to displace/shear the pupil, with the amount and direction of shear dependent on the field angle. There is also some pupil distortion, as evidenced by the fact that the three spot diagrams in figure 2 (left) are not exactly the same. The pupil aberrations to be considered will produce anisoplanatism-like wavefront errors. In order to isolate this effect from other forms of anisoplanatism, it will be assumed that there is a single layer of Kolmogorov atmospheric aberration localized at the ground and that the DM is conjugate to that layer. Further, it will be assumed that all pupils are registered or calibrated for the on-axis field point so that the DM perfectly corrects the atmospheric aberrations on-axis. All other error terms, such as fitting error, temporal lag, and other signal-to-noise ratio concerns are assumed to be absent. This approach of analyzing one effect in isolation is consistent with that used to assess other terms in an AO performance error budget.
As indicated earlier, such a shift or distortion in the pupil for off-axis field points does in fact occur in AO optical relays. Taking a phenomenological approach, the pupil aberrations can be divided into three types: those that vary from position to position within the pupil, but do not vary with field angle on the sky (e.g., Seidel pupil distortion); those that vary according to field position, but are consistent from position to position within the pupil (e.g., pupil spherical aberration); and those that vary according to both pupil position and field position (e.g., pupil coma). The first type is a pure pupil distortion, such as a barrel distortion, which warps the first-order mapping between the DM and another pupil plane, such as the telescope aperture or the WFS. This does not necessarily lead to performance degradation. Since the pupil warping is consistent for all field points, the telescope/DM registration and DM/WFS registration work perfectly for all field points. There may be an effect on the point-spread function owing to the distortion of the pupil from a uniformly-illuminated circle (or whatever the shape of the aperture stop is), but that is not specifically an AO penalty.
It will be convenient to consider these pupil aberrations in terms of transverse ray aberrations. It will also be convenient at times to use the Seidel aberrations cast in terms of pupil imagery, such as pupil spherical aberration, pupil coma, and pupil distortion.
ANISOPLANATIC WAVEFRONT ERROR DUE TO GENERAL PUPIL DISTORTIONS
Before considering the lens design issues, we can consider the performance penalties due to a DM correction being applied in a shifted or distorted manner, as is the case for an off-axis field point. A transverse shift in the correction is familiar, as indicated earlier: it is equivalent to the anisoplanatic error due to an aberration localized to an altitude other than that for the DM. Qualitatively, one can expect significant image degradation if the pupil shift is comparable or greater than r 0 , Fried's seeing parameter 1 -where the pupil shift and r 0 are measured in the same optical space. Quantitatively, the expressions for angular anisoplanatism can be used to derive the anisoplanatism caused by pupil aberrations. The relationship is most clearly seen by considering the angular anisoplanatism equations in the case of a single thin layer of turbulence at a height h . The phase variance (in radians 2 ) due to angular anisoplanatism is given by anisoplanatism angular (1) where is the field angle relative to the direction of perfect correction, and 0 is the characteristic field angle at which the phase variance is 1 radian 2 , known as the isoplanatic angle. The expectation value brackets will be dropped from this point forward. For a single layer, the well-known 5/3 power law can be viewed in terms of pupil shears, s and as depicted in figure 3. Therefore, anisoplanatism due to pupil shear is equal to the 5/3 power of the normalized pupil shear:
The amount of pupil shear corresponding to 1 radian 2 of phase variance can be shown 3 An equation for wavefront variance due to an arbitrary pupil distortion will now be derived. Rather than return to "first principles" using structure functions for Kolmogorov turbulence, one can extend the anisoplanatism equations above. In a warped pupil, the pupil shear is different for each pupil point ( , )
x y and for each field angle . In other words, describes how the pupil is remapped by the pupil aberrations for each field angle. The contribution to the phase variance of that pupil point's shear is proportional to the 5/3 power of the shear, 
As a check, if the pupil is shifted by a distance that is constant across the pupil, then the equation yields 1 radian 0 0.314 r 2 of phase variance, as it should.
From this point forward, all references to anisoplanatism will refer to pupil aberration-derived anisoplanatism. Equation 4 gives the AO system performance penalty from an arbitrary pupil distortion between the atmospheric aberration and correction. Now we can consider the pupil distortion between the ground layer and the DM that is generated by the AO relay. Suppose that the pupil aberrations can be described by the pupil Seidel aberrations. Employing the "W" notation used by Welford 4 amount to an undistorted pupil expansion. If the pupil ray aberration is proportional to a higher power of ρ or is dependent onφ , then the pupil becomes distorted. Pupil ray aberrations with a factor of indicate shifts and distortions parallel to the direction of the field. Except for pupil distortion, the pupil aberrations evaluate to zero for an on-axis field position. The pupil distortion does not matter since it is constant with field position, and so if we take pupil aberrations to be with respect to that obtained at the on-axis field position, then we can ignore the pupil distortion term. This is consistent with our notion that the pupil registrations are performed on-axis.
PUPIL ABERRATIONS IN THE AO RELAY

H
The various pupil aberrations in table 1 generate fairly straightforward pupil aberrations. Although the fractional power of the shear in equation 4 makes closed-form analysis difficult, it does not impede numerical analysis. Just as importantly, table 1 allows one to gain a sense for how the pupil aberrations are distorting the pupil for various field positions. Section 6 will propose a method for simplifying the problem for purposes of optimization in optical design.
When a pupil is located off the optical axis of the relay, as is usually the case with an off-axis parabola, then additional pupil aberration terms are generated 6 . Briefly, each instance of ρ 
EXAMPLE OF AN OFF-AXIS PARABOLA
The most common AO relay between the telescope and DM plane is an OAP, as shown in figure 1 . This section gives results for the case of a 30 meter diameter, f/15 telescope with various field sizes and pupil/DM sizes. The OAP collimates the light and creates a pupil, and by changing the focal length, one can obtain various pupil/DM sizes. The off-axis distance of the OAP is determined for this case study by setting a minimal separation of 25 mm between the cassegrain image and the edge of the pupil/DM. Figure 3 shows the maximum pupil shift with the field diameter in terms of percentage of r 0 , assuming r 0 =50 cm. In other words, the plot gives the pupil shift for the worst-performing field position within the designated field diameter. Figure 4 displays the same data in terms of anisoplanatic rms wavefront error, using the equation 4.
It is immediately obvious that the pupil aberrations could become problematic for large fields and small DM's. A configuration with a 20 arcsec diameter field and 30mm diameter pupil would result in as much as ~200 nm rms wavefront error, which can consume the entire error budget of an AO system. For a 30 arcsec field, the DM would need to be at least 60 mm in diameter for a more tolerable 60 nm rms error. Note that for this level of anisoplanatism and a telescope plate scale of 2.2 mm/arcsec (30 meter, f/15 telescope), the linear field size and the DM size are comparable. One may wonder why this problem is not seen in current systems. Certainly AO systems with large, conventional DM's are less prone to this problem, but the smaller number of r 0 's across the diameter of the DM helps greatly. The next generation of AO instruments will have large numbers of subapertures, which forces a much tighter tolerance for pupil aberrations in terms of percentage of the pupil diameter. For example, a shift of 1% of the pupil diameter is not problematic for a system with ~10 subapertures across the diameter (current systems), but is ruinous for a system with 100 subapertures across the diameter (future systems).
MINIMIZING PUPIL ABERRATIONS IN THE OPTICAL DESIGN
Section 4 describes what pupil aberrations are generated by an AO relay. Section 3 describes how to apply those pupil distortions in order to generate an anisoplanatism penalty. Section 5 gives a specific example applying sections 3 and 4.
The purpose of this section is to propose guidance in how to minimize these penalties in a practical optical design.
In computer-optimizing an optical design for science field imagery and for "pupil imagery" (to reduce anisoplanatism), one can set up two configurations in the lens file-one for each imaging mode. A metric that can be used for evaluating pupil imagery is the image spot size of various pupil points. Reducing this metric, of course, reduces the overall anisoplanatism of the system, but the metric does not give a measure of anisoplanatism at a given field angle, which can be helpful in trading performance in one portion of the field versus another portion, i.e., field-weighted optimization. To measure the anisoplanatism for a given field angle, one would measure the image displacement of many pupil points (with respect to their corresponding positions for an on-axis field point), and then insert those displacements into equation 4.
To gain some intuition, consider an optical space with an optical surface at left, with image and pupil planes at right; see figure 6 , top left. The optical system here is unaberrated, i.e., accurately described by its first-order properties. Therefore the top marginal rays for all image points intersect at the top edge of the pupil; likewise for the bottom marginal rays. Also, the marginal rays for each field point would intersect at the paraxial image location for that field point.
Now suppose that we introduce an aberration at the optical surface (figure 6, top right). The ray height at the optical surface has not changed, but the ray has deviated so that there is a ray error at the image surface of image . By geometry, we can see that there is also a ray error at the pupil plane, pupil which is related to the image:
When either the image distance or pupil distance becomes infinite or zero, the ray error may instead be expressed as an angle, u z ε = . (bottom) Same optical space as top, except that the top marginal ray leaves the optical surface at a different position, but is unaberrated at the off-axis field point. The ray is aberrated at the pupil plane. As shown, the lens is positive and pupil is negative. Intuitively, it can be seen that these errors may become significant if the induced ray height error is a significant fraction of the beam size at the optical surface. For example, if there were 100 subapertures across the beam and the induced ray height error at the optic were 1%, then the pupil ray error would be 1% of the beam = 1 subaperture, which would be significant. In a similar sense, ray angle errors in equation 5 would be equally significant if they are 1% of the numerical aperture.
The total pupil ray error for a given ray can be estimated by summing the two sources of pupil ray errors in equations 5 and 6. Since the ray errors are actually vectors (although not denoted as such as above), adding the errors means adding them in a vector sense.
If we can neglect the induced aberrations, then the pupil ray errors are proportional to the image ray errors, as indicated in equation 5. Looking at equation 4, the phase variance due to pupil ray errors is the integral of the 5/3 power of the ray errors. If we substitute a power of 2 in place of the power of 5/3 (a rough approximation, of course, but useful, as shall be seen), then the phase variance is proportional to the variance of the pupil ray errors.
In fact, previous work 7, 8, 9, 10 suggest that optical spaces with well-corrected images also have well-corrected pupils. Future articles will integrate existing pupil aberration theory with the present application.
CONCLUSIONS
Anisoplanatism arising from pupil aberrations may become a significant issue in the design of future AO systems, particularly those utilizing small DM's and large fields. Expressions describing and interpreting those pupil aberrations, as well as the anisoplanatism penalties for general pupil distortions have been derived. It may be possible to express and control the anisoplanatism in terms of image aberrations, and it is proposed that this anisoplanatism may be reduced by placing DM's in optical spaces with well-corrected images.
